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Abstract
Aiming at the positioning error of the aircraft, the error accumulation to a certain
extent may lead to the failure of the mission. A track correction method based on
oriented graph search was proposed, and the dynamic programming idea was
applied to solve the path optimization problem. Firstly, the correction points in the
flight space were preprocessed, and the planning of the correction points in the flight
space was transformed into a graph theory problem. It effectively solves the problem
that traditional methods did not adapt well to dynamic changes in flight space. And
the problem of too high complexity in the calculation space. Using the dynamic
programming idea to carry out the flight path planning for the flight space, the
path-correction number optimal double-objective model is comprehensively
established. Finally, the oriented graph and dynamic programming ideas were used
to solve the problem, and the visual analysis of the aircraft track was realized. The
simulation results show that the established path-corrected optimal double-objective
model can calculate an optimal track with relatively small correction times and short
length.
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1 Introduction
The rapid planning of tracks in complex environments is an important issue in the control
of intelligent aircraft. Due to system structure limitations, the positioning system of such
aircraft can’t accurately locate itself. Once the positioning error is accumulated to a certain
extent, the flight task may fail. Therefore, correcting the positioning error during flight
becomes a hot issue in the rapid planning of the track.

Track planning referred to the optimal flight path of an aircraft that meets certain per-
formance requirements and a series of constraints under the premise of a specific mission
objective [1]. It was essentially a multi-constrained multi-objective optimization problem.
Aircraft track planning played an important role in mission planning, and was the core of
the aircraft mission security technology [2]. It was generally divided into two levels: overall
reference path planning and local track dynamic optimization [3]. The aircraft optimizes
the local track dynamics based on real-time information (such as obstacles, terrain, etc.)
around the overall reference track to generate an optimal track.
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At present, the multi-constrained multi-objective path planning research uses objective
function weighting to establish mathematical models. Dijkstra algorithms [4], genetic al-
gorithms [5], particle swarm optimization [6] etc. are used to obtain optimal tracks. It
was essentially an algorithm based on mathematical models. Due to the complexity of
the actual flight environment, Shen and Cheng [7] based on the principles of geometry of
space structure divided according to specific rules, reduced the complexity of the prob-
lem. Song and Dai [8] proposed an improved fast-spreading random number, combining
incomplete constraints with bi-directional multi-step extended RRT search algorithm. Im-
proving search efficiency and ensuring the feasibility of the path, but the algorithm only
considers the static environment. Under the track planning problem, the practicality is
not strong. Hen and Dai [9] introduced gene contrast in genetic algorithm to improve the
genetic probability of optimized genes and enhance the real-time performance of track
planning. However, the algorithm needed to update environmental information in real
time, which makes the calculation amount larger. These algorithms have achieved certain
effects in practical applications, but they do not have good universality. And can’t effec-
tively track the flight space for dynamically changing flight space.

Based on the above problems, this paper combines static track and real-time perfor-
mance, and proposed a track correction method based on oriented graph search. It used
oriented graph and dynamic programming idea to solve the problem, and realized the
visual analysis of aircraft track.

2 Establishment and solution of multi-constrained and double-targeted
2.1 Problem description
Correcting the positioning error during flight is an important task in the intelligent air-
craft track planning. It is required to design a track planning algorithm that makes the
entire track length as small as possible during the flight and the optimal path with the
least number of corrections in the corrected area. To make the following assumptions for
analysis.

The aircraft needs to correct the positioning error during flight. There are some safe
positions in the flight area (called correction points) that can be used for error correction.
When the aircraft reaches the correction points, it can correct the error according to the
error correction type of the position. The position of correcting vertical and horizontal
errors can be determined before track planning according to the terrain.

(1) Assume that the vertical and horizontal errors of the initial point are both 0. For
every 1 m flight, the vertical error and horizontal error will be increased by σ

dedicated unit, hereinafter referred to as the unit.
(2) It is assumed that the vertical error of the aircraft is not more than α1 unit, and the

vertical error correction is performed when the horizontal error is not more than α2

unit. The vertical error of the aircraft is not more than β1 unit, and the horizontal
error is corrected when the horizontal error is not more than β2 unit.

(3) If the vertical error and the horizontal error can be corrected in time, and the
vertical error and the horizontal error are less than θ units when the end point is
reached. The aircraft can fly according to the predetermined route, and the error
correction is performed through several correction points to finally reach the
destination.
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(4) After the vertical error correction of the aircraft at the vertical error correction
point, the vertical error will become 0, and the horizontal error will remain
unchanged. After the horizontal error correction of the aircraft at the horizontal
error correction point, the horizontal error will become 0. Meanwhile, the vertical
error will remain unchanged.

2.2 Establishment of oriented graphs
All the possible flight path nodes in the flight process are arranged in chronological order,
and the track path problem can be solved by the establishment of the oriented graph [10].
The track between correction points is the oriented edge of the directed track map. Due
to the assumption that the condition exists, the range of the directed track path from the
starting point to the end point is reduced, which greatly reduces the complexity of the
search algorithm. The specific steps for establishing the directed track map are as follows.

(1) Determine the main direction from the starting point A to the destination B.
(2) The arbitrary correction points (including the starting point) are used to establish

the dividing plane with the main direction as the normal vector.
(3) Search all points on the side of the main plane of the split plane (without the end

point).
(4) If the current horizontal and vertical errors are both 0, all reachable correction

points are found according to the constraints.
(5) Add a path whose current point points to the reachable point.
(6) Perform the above operation on all points in the space (without the end point).
Schematic diagram of the establishment of the directional track maps are shown in Fig. 1.

2.3 Multi-constraint track planning model
The flight path planning process is based on the track length and the number of correc-
tions of the corrected area. There are a total of m + 2 track nodes, including the starting
point and destination, which are represented by P = {A, N1, N2, . . . , Nm, B}.

Figure 1 Schematic diagram of oriented graph
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(1) Total track length:

fL(P) =
m∑

i=1

dis(Ni, Ni+1) + dis(A, N1) + dis(Nm, B). (1)

Among them dis indicates the Euclidean distance between two points in space.
(2) Number of times the area has been corrected:

fC(P) =
M∑

i=1

ui(x). (2)

Among them ui(x) indicates the number of corrections at the i-th track node.

ui(x) =

⎧
⎨

⎩
0, others,

1, δhi(x) < ϕ or δvi(x) < ϕ.
(3)

Among them ϕ represents the minimum value of the horizontal error sum or the
minimum vertical error sum before the i-th track node, hi(x), vi(x) indicates the
horizontal and vertical errors of the i-th track node.

In summary, the aircraft dual-target trajectory planning problem can be described as
the following path-correction number optimal model.

min
[
fL(P), fC(P)

]

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑m
i=1 hi(x) < θ ,

∑m
i=1 vi(x) < θ ,

δhi(x) < ϕ,

δvi(x) < ϕ,

Li ≥ Lmin.

(4)

Lmin indicates the shortest sailing length, Li sailing distance representing two adjacent cor-
rection points.

2.4 Model solving algorithm based on oriented graph
Usually, the sub-strategy of the optimal strategy of an overall process must be the optimal
strategy. Dynamic programming transforms the process that requires multi-stage solving
into a series of single-stage solving problems. Recursive use of mutual relations between
the various stages, gradually solving process to get the optimal solution of the last problem
[11]. In this paper, the idea of dynamic programming is used to solve the optimal track
segment in discrete flight space until the target point gets an optimal track. The algorithm
of the aircraft path planning algorithm are as follows.

Step 1: Constructing an oriented graph.
Step 2: Initialize the current position and the error before correction.
Step 3: According to the constraints, it can be judged whether it can reach the end point

directly, if it can, then turn to step 7, if not, then proceed to the next step.
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Step 4: Determine whether there is a feasible path in the current location. If it exists,
proceed to the next step. If it does not exist, execute step 8.

Step 5: Select a path, calculate the length of the path and correct the cumulative error.
According to the correction type of the point to determine whether the correction
can be made, if possible, proceed to the next step, if not, delete the path and return
to step 4.

Step 6: Update the current position and correct the accumulated error according to the
correction type at that point, return to step 3.

Step 7: Determine whether the current path is better than the existing path. If not, delete
the path and return to step 2. Otherwise, replace the existing path with the current
path.

Step 8: Determine whether the current point is the end point, if yes, output the optimal
path and correction error information. Otherwise, update the current position to
the previous position and turn to step 4.

The algorithm flow block diagram is shown in Fig. 2.
We explained it on a two-dimensional plane according to the specific steps in the flow

chart.
(1) Construct the initial oriented graph as shown in Fig. 3.
(2) Search for a feasible track, record the track and delete the path of the last correction

point in the oriented graph as shown in Fig. 4.
(3) Search for another better track, replace the existing track and update the oriented

graph as shown in Fig. 5.

Figure 2 Track planning model solving process
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Figure 3 Initial oriented graph

Figure 4 Track Search Schematic 1

Figure 5 Track Search Schematic 2

(4) Two horizontal corrections in the search process, causing the vertical error to be
too large to continue moving forward. Therefore, delete the corresponding path as
shown in Fig. 6.

(5) There is no feasible path at a certain correction point, so the corresponding path is
deleted as shown in Fig. 7.

(6) The end point is reached at the front position, and there is no feasible path, the
algorithm is terminated, and the final result is output as shown in Fig. 8.

3 Example simulation results and analysis
The path-correction number optimal model is used to solve the data in the “16th Graduate
Mathematical Modeling Contest”. The environment used for the experiment was Intel(R)
Core(TM) i7-7700HQ @ 2.80 GHz; x64-based processor, MATLAB V2018a.
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Figure 6 Track Search Schematic 3

Figure 7 Track Search Schematic 4

Figure 8 Track Search Schematic 5

Directed track maps are constructed based on the position information of the correc-
tion points in the data set 1, 2. We use the dynamic programming algorithm to obtain the
adjacent optimal segments reachable by the adjacent correction points. And obtain the
optimal track path length from the start point to the end point. The number of correction
points passing through from the starting point to the destination point are the least. Ac-
cording to the model solving algorithm, the following experimental results are obtained.

The space track plan in Data Set 1 was shown in Fig. 9, which shows all the correction
points and destinations that the aircraft passes except the departure point. The specific
experimental resulted consist of vertical correction error accumulation and horizontal
correction error accumulation. The correction points in the figure were marked in yellow,
and the start and end points were marked in red. And the track direction was from left to
right. For example, the vertical correction error of the end point was 28.5 units, and the
horizontal correction error was 16.3 units. By calculation, the optimal track length in data
set 1 was 108.99 km, and the number of corrections that need to be passed was 8 times.

The space track plan in Data Set 2 was shown in Fig. 10, which shows all the correction
points and destinations that the aircraft passes except the departure point. The specific
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Figure 9 Data set 1 track planning path

Figure 10 Data set 2 track planning path

Table 1 Data 1 Track Planning Results

Correction
point number

Vertical error before
correction/unit

Horizontal error before
correction/unit

Correction
point type

0 0 0 Starting point A
503 13.38791985 13.38791985 11
210 11.40595331 24.79387316 01
239 21.3334402 9.92748689 11
74 10.66621575 20.59370264 01
461 20.94062535 10.2744096 11
206 12.2688581 22.5432677 01
340 24.79274864 12.52389054 11
425 12.2814874 24.80537795 01
612 28.53459621 16.25310881 End point B

experimental resulted consist of vertical correction error accumulation and horizontal
correction error accumulation. By calculation, the optimal track length in data set 2 was
110.00 km, and the number of corrections that need to be passed was 12 times.

The error correction point number and the track planning result of the error before the
aircraft from the starting point are shown in Table 1, Table 2. It can be seen from Table 3
that the number of corrections will affect the path length of the aircraft to a certain extent,
and it will also affect the complexity of the algorithm.
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Table 2 Data 2 Track Planning Results

Correction
point number

Vertical error before
correction/unit

Horizontal error before
correction/unit

Correction
point type

0 0 0 Starting point A
163 13.28789761 13.28789761 01
114 18.62205093 5.334153324 11
8 13.92198578 19.2561391 01

309 19.44631118 5.524325401 11
305 5.968714547 11.49303995 01
123 15.17310764 9.204393096 11
231 9.436726707 18.6411198 01
160 18.15390257 8.717175866 11
92 5.776163625 14.49333949 01
93 15.26088202 9.484718396 11
61 9.834209702 19.3189281 01
292 16.38812359 6.553913884 11
326 6.960509275 13.51442316 End point B

Table 3 Comparative Results

Data set type Run time/s Number of iterations/time Path length/km Number of corrections/times

Data set 1 0.1173 894 108.99 8
Data set 2 0.0341 207 110.00 12

Figure 11 Quantity-time-consuming graph

The k-dimensional tree (abbreviated as KD-tree) performs the nearest point search to
improve the search speed. Since the oriented graphs are different according to the scatter
position, the time complexity can’t be directly calculated. Therefore, a large number of
experiments are taken to obtain an average value to obtain a relationship between the data
size n and the calculation operation time. According to the scatter distribution density of
the data given by the problem, 50 sets of test models are randomly generated for each
value of n to conduct experiments. The experimental results are shown in Fig. 11. It can
be observed that the average running time increases with the increase of the data size n.



Nie et al. Journal of Mathematics in Industry           (2020) 10:21 Page 10 of 11

4 Conclusion
In this paper, the real-time requirements of the aircraft in space flight, the dynamic
changes of the flight environment with time, and the accuracy requirements of the po-
sitioning error in the safety area were considered. The plan of correction points in flight
space was converted into a graph theory problem to solve. A dual-target model with opti-
mal path-correction times was established. The problem that the positioning system can-
not accurately position itself due to the structural limitation of the aircraft system was
solved. The model was tested using two types of data sets, and the flight path optimiza-
tion diagrams under the two data sets were drawn to obtain the best track path length and
minimum number of aircraft corrections.

Experiments show that the model established by the algorithm can’t only obtain the
optimal path, but also the minimum correction points. The optimal path length obtained
in data set 1 was 108.99 km, the number of corrections was 8 times. The optimal path
length obtained in data set 2 was 110.00 km and the number of corrections was 12 times,
and the space complexity and time complexity of the algorithm show good performance.
This also lays a solid foundation for the follow-up study in this paper to conduct track
planning in a complex and dynamic environment.
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